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Abstract. Let G be the unramified unitary group in three variables defined over a p-adic field 
with p ^ 2. In this paper, we establish a theory of newforms for the Rankin-Selberg integral for 
G introduced by Gelbart and Piatetski-Shapiro. We describe L and e-factors defined through 
zeta integrals in terms of newforms. We show that zeta integrals of newforms for generic 
representations attain L-factors. As a corollary, we get an explicit formula for e-factors of 
generic representations. 



This paper is the sequel to the author's works [8], [9] and |10j on newforms for unramified 
U(2, 1). First of all, we review the theory of newforms for GL(2) by Casselman and Deligne. 
Let F be a non-archimedean local field of characteristic zero with ring of integers Of and its 
maximal ideal pF- For each non-negative integer n, we define an open compact subgroup Tq(p f ) 



For an irreducible generic representation (ir, V) of GL^i 7 ), we denote by V(n) the ro(p^)-fixed 
subspace of V, that is, 



Let U denote the unipotent radical of the upper-triangular Borel subgroup of GL2(F). We 
regard a non-trivial additive character tpp of F with conductor Of as a character of U in the 
usual way, and denote by W(7r, tfip) the Whittaker model of ir with respected to if) p. Then the 
following theorem holds: 

Theorem 1.1 ([2]). Let (w, V) be an irreducible generic representation o/GL2(F). 

(i) There exists a non-negative integer n such that V(n) ^ {0}. 

(ii) Put c(tt) = min{n > | V(n) ^ {0}}. Then the space V(c(ir)) is one- dimensional. 
(Hi) For any n > c(ir), we have dimV(n) = n — c(ir) + 1. 

(iv) If v is a non-zero element in V(c(ir)), then the corresponding Whittaker function W v in 
W(tt,iPf) satisfies W v (e) ^ 0, where e denotes the identity element in GL2(-F). 

We call the integer c(ir) the conductor of it and V(c(ir)) the space of newforms for tt . Newforms 
and conductors relate to L and e-factors as follows: 

Theorem 1.2 ([2], [4]). Let tt be an irreducible generic representation ofGL2(F). 

(i) Suppose that W is the newform in the Whittaker model of tt. Then the corresponding 
Jacquet-Langlands's zeta integral Z(s,W) attains the L-factor ofir. 

(ii) The e-factor e(s,n,ipp) of tt is a constant multiple of q F c ^ s , where qF stands for the 
cardinality of the residue field of F. 



1. Introduction 



of GL 2 (F) by 




V(n) = {v E V | Tr(k)v = v, k e F (p F 



)}• 
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Similar results were obtained by Jacquet, Piatetski-Shapiro and Shalika [6] and Reeder for 
GL(n). Recently, Roberts and Schmidt [12] established a theory of newforms for the irreducible 
representations of GSp(4) with trivial central characters. Our main concern is to establish a 
newform theory for unramified U(2, 1). 

We review results in [8], [9] and [10] comparing Theorems 11.11 and 11.21 Let U(2, 1) denote 
the unitary group in three variables associated to the unramified quadratic extension E/F. We 
assume that the residual characteristic of F is odd. In [TO], the author introduced a family 
of open compact subgroups of U(2, 1), and defined the notion of conductors and newforms for 
generic representations. He proved an analog of Theorem 11.11 (i) and (ii) for all the generic 
representations, and that of (iii) and (iv) for the generic supercuspidal representations. For 
U(2, 1), we consider L and e-factors defined through the Rankin-Selberg integral introduced by 
Gelbart, Piatetski-Shapiro [5 J and Baruch [Tj. In [9], the author showed a theorem analogous to 
Theorem ll.2l (ii) assuming Conjecture 3.1 in [9] on L-factors, which is an analog of Theorem ll.2l 
(i). In loc. cit., he also proved that his conjecture holds for the generic supercuspidal represen- 
tations. To show the validity of his conjecture for the generic representations, he determined 
conductors of the generic non-supercuspidal representations, and gave an explicit realization of 
those newforms in |8J . In loc. cit. , he also proved an analog of Theorem 11.11 (iii) and (iv) for the 
generic non-supercuspidal representations. Now we are ready to show that Conjecture 3.1 in 
[9] holds for all the generic representations of U(2, 1), that is, zeta integrals of newforms attain 
L-factors. 

We explain our method. Unlike the cases of GL(n) and GSp(4), Gelbart and Piatetski- 
Shapiro's zeta integral involves a section which has the form f(s, h, $), where h is an element in 
U(l, 1) and <1> is a Schwartz function on F 2 . Thus, the usual investigation on Whittaker functions 
is not enough to determine the L-factor, which is defined as the greatest common divisor of zeta 
integrals, and we can not use any explicit formula of L-factors for U(2, 1). However it is easy to 
determine the L-factors for U(2, 1) up to a multiple of Le{s, 1) (Proposition 14. 2p . Here Le{s, 1) 
stands for the Hecke-Tate factor of the trivial representation 1 of L x , and the section f(s, h, <3?) 
yields Le(s, 1). We will compare zeta integral of newforms with our rough estimation of L- 
factors, and show that the difference is at most Le(s, 1) (Lemma 13. 3p . Hence we can use the 
same trick in ![)• . If the difference is Le(s, 1), then it contradicts the fact that the e-factor is 
monomial (see the proof of Theorem 13. 4p . So we conclude that zeta integrals of newforms attain 
L-factors. 

The main body of this article is the proof of Lemma 13.31 For representations of conductor 
zero, we can use Casselman-Shalika's formula for the spherical Whittaker functions in [3]. To 
compute zeta integrals of newforms in positive conductor case, we follow the method by Roberts 
and Schmidt for GSp(4) in |12| . They utilized Hecke operators acting on the space of newforms, 
and obtained a formula for zeta integrals in terms of Hecke eigenvalues. There are two problems 
to apply their method to U(2, 1). Firstly, they assumed that representations of GSp(4) have 
trivial central characters. This assumption is essential in their computation of Hecke operators. 
Secondly, for an irreducible generic representation tt of U(2, 1) whose conductor is positive, it will 
turns out that the degree of the L-factor of tt is at most 4 with respect to qp S (see Proposition l7.ll 
for example). Therefore we need two Hecke eigenvalues to describe zeta integrals of newforms. 
But, in the usual way, we have only one good Hecke operator which is represented by the element 
diag(ro, 1, m~ l ), where w is a uniformizer of F . We explain how to overcome these two problems. 
Let V denote the space of n, V(n) its subspace of vectors fixed by the level n subgroup, and N n 
the conductor of ir. We consider the following two operators: 

(1) The Hecke operator T on V(N 7T + 1) which is represented by the element diag(tu, l,ro _1 ); 

(2) The composite map of the level raising operator 6' : V(N 7T ) — > V(N 7T + 1) and the level 
lowering one 6 : V{N n + !)-)• V(N n ). 
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In [8], we have seen that both V(N n ) and V(N n +l) are one-dimensional, and hence the operators 
T and 5 o 9' have eigenvalues v and A. Since the central character of 7r is trivial on the level N n 
subgroup, we can apply the method by Roberts and Schmidt to compute the Hecke operator T 
on V(N n + l), and get a formula of zeta integrals of newforms in terms of v and A (Theorem l5.10p . 

We summarize the contents of this paper. In section [21 we fix the notation for representations 
of unramified U(2, 1), and recall the theory of Rankin-Selberg integrals introduced by Gelbart, 
Piatetski-Shapiro and Baruch. In section [3l we recall the notion of newforms for U(2,l), and 
prove our main Theorems 13.41 and 13.51 assuming Lemma 13.31 In section UJ we roughly estimate 
L-factors according to the classification of the representations of U(2, 1). In section [5j we give 
a formula for zeta integrals of newforms in terms of two eigenvalues v and A. The proof of 
Lemma 13.31 is finished in section [6l In section [71 we give an example of an explicit computation 
of L-factors, for some non-supercuspidal representations. 

A further direction of this research is to compare L and e-factors defined by Gelbart and 
Piatetski-Shapiro's integral with those of L-parameters. It is also an interesting problem to 
generalize our result to other p-adic groups, for example, ramified U(2, 1) and unitary groups in 
odd variables. 



2. Gelbart and Piatetski-Shapiro's integral 



In subsection 12.11 we fi x our notation for the unramified group U(2, 1) that we use throughout 
this paper. In subsection 12. 2\ we recall from p] the theory of zeta integrals for U(2, 1) which 
is introduced by Gelbart and Piatetski-Shapiro in [5]. We also recall the definition of L and 
e-factors attached to generic representations of U(2, 1) in subsections 12.31 and 12.41 respectively. 



2.1. Notations. Let F be a non-archimedean local field of characteristic zero, Of its ring of 
integers, pF the maximal ideal in op, and w = wp a uniformizer of F. We denote by | • \p 
the absolute value of F normalized so that |rop|p = Q ^ where q = qF is the cardinality of 
the residue field Of/Pf- We use the analogous notation for any non-archimedean local fields. 
Throughout this paper, we assume that the residual characteristic of F is different from two. 

Let E = F\yfe\ be the unramified quadratic extension over F, where e is a non-square element 
in o F . Then w = wp is a common uniformizer of E and F. Because the cardinality of the 
residue field of E is equal to q 2 , we denote by | • \e the absolute value of E normalized so 
that \vj\e = q~ 2 . We realize the unramified unitary group in three variables defined over F as 
G = {g G Gh$(E) | ~g~Jg = J}, where _ is the non-trivial element in Gal(E/F) and 



J 




We denote by e the identity element of G. 

Let B be the Borel subgroup of G consisting of the upper triangular elements in G, T its 
diagonal subgroup, and U the unipotent radical of B. We write U for the opposite of U. Then 
we have 



U = < 



u(x,y) 



u(x,y) 



1 x yy/e — xx/2 
1 -x 
1 



x G E,y G F 




x,y€E,y + y + xx = 










((! 


1 












1 

and 

U= {u(x,y) = t u(x,y)\xe E,y G F} 

= {&(x, y) = *u(x, y)\ x,y G E, y + y + xx = 0} , 

where * denotes the transposition of matrices. In most part of this paper, we write u(x, y) for 
elements in U. The notion u(x, y) will appear only in the proofs of Lemmas 16.91 and 17.31 We 
identify the subgroup 

H 

of G with U(l, 1). We set B H = B n H, U H = U n H and T H = TnH. Then B H is the 
upper triangular Borel subgroup of H with Levi decomposition Bh = ThUh- There exists an 
isomorphism between E x and Th which is given by 

/ a 

t: E x ~ Th; a t(a) =01 

\ a" 1 

A non-trivial additive character %[)e of E defines the following character of U, which is also 
denoted by ipg: 

ip E {u{x,y)) = iPe(x), for u(x,y) G U. 
We say that a smooth representation ir of G is generic if Hom[/(7r, i^e) 7^ {0}- Let (7r, V) be an 
irreducible generic representation of G. Then there exists a unique embedding of tt into Ind^^E 
up to scalars. The image W(ir,ip E ) of ir in Ind^V-B is called the Whittaker model of jr. Given a 
non-zero element I in Honi(/(7r, iPe), we define i/ie Whittaker function W v in W(7r, associated 
to v G V by 

W v (g) = l(7r(g)v), g€G. 
We identify the center Z of G with the norm-one subgroup E 1 of E x , and define open compact 
subgroups of Z by 

Z = Z, Z n = ZC\{\ + p E ), for n > 1. 
For an irreducible admissible representation 7r of G, we define the conductor of the central 
character u n of 7r by 

n w = min{n > | u w \z n = !}• 



2.2. Zeta integrals. Let C^°(F 2 ) denote the space of locally constant, compactly supported 
functions on F 2 . For $ G C^°(F 2 ) and g G GL2(i ? ), we define a function z(s,g, <!>) on C by 



z(s,<7,<&) = / mO,r)g)\r\ s E d x r, s G C. 



Here we normalize the Haar measure d x r on F x so that the volume of o F is one. 

For a G E x , we set t(a) = f ° J and d(a) = ^ q J J- Since SU(1,1) is isomorphic 

to SL2(i ? ), we can write any element h in = U(l, 1) as 
(2.1) h = t{b)d{^~e)h 1 d{^r 1 ), 

where b G i? x and hi G SLgf-F 1 ). For h £ H and $ G C^°(F 2 ), using the decomposition of h in 
(|2.ip . we define a function /(s, /i, <3?) on C by 

f(8,h,*) = \b\ t E z(8,hl,*), ^C. 

By [1] Lemma 2.5, the definition of f(s,h,§) is independent of the choices of b G E x and 
/ii G SL 2 (F) in drij. 
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Let 7r be an irreducible generic representation of G. For W G W(tt, ip E ) and $ G C^°(F 2 ), we 
define the zeta integral Z(s, W, $) by 

where d/i is the Haar measure on U E \H normalized so that the volume of Uh\Uh(H C\GL2{°f)) 
is one. By p~] Proposition 3.4, Z(s, W, $) absolutely converges to a function in C(q~ 2s ) when 
Re(s) is sufficiently large. 

2.3. L-factors. The L-factor of an irreducible generic representation ir of G is defined as follows. 
Let I n be the subspace of C{q~ 2s ) spanned by Z(s,W, <£>) where $ G C£°(F 2 ), G W^V'e) 
and runs over all of the non-trivial additive characters of E. By [1] p. 331, 1^ is a fractional 
ideal of C[q~ 2s , q 2s ] which contains C. Thus, there exists a polynomial -P(^) in C[X] such that 
P(0) = 1 and 1/P(q~ 2s ) generates I w as C[q~ 2s , g 2s ]-module. We define the L-factor L(s,ir) of 
7T by 

1 



L(S,7T) 



-2s\ 



2.4. e-factors. Let be a non-trivial additive character of F with conductor . We 

normalize the Haar measure on F 2 so that the volume of Of @ Of equals to q c ^ F \ For each 
G C^°(F 2 ), we define its Fourier transform 4> by 



&(x,y) = / ^{u,v)ipF{yu — xv)dudv. 
Jf 2 

Then we have $ = $ for all G C^°(F 2 ). Due to [T] Corollary 4.8, there exists a rational 
function 7(5, 7r, ip F , ip E ) in </ _2s which satisfies 

l(8,n,il> F ,i/> E )Z(s,W,$) = Z(l-s,W,$). 

We define the e-factor e(s,tt,iPf,iPe) of ir by 

L(s,7r) 



e(s, 7T, ip F ,ip E ) = l(s, vr, ipF,i>E)- 



L(1-s,tt)' 

where 7r denotes the representation contragradient to 7r. By [9] Proposition 2.12, we have 
L(s,tt) = L(s,it), and hence 

Lis tt) 

(2.2) e(s,TT,i/j F ,ip E ) = n/(s,^,ipF,tpE)-jrrz — 1 c- 

L{1 — S, TT) 

For e-factors, the following holds: 

Proposition 2.3 ([9] Proposition 2.14). T/ie e-factor e(s,TT,ipF,Tp E ) is a monomial in q~ 2s 
which has the form 

e(s,Tr,i;F^E) = ±q- 2n{s - l/2) , 

for some n G Z. 

3. Newforms and L-factors 

In subsection 13.1} we recall from [10] the notion of conductors and newforms for generic 
representations ir of G. In subsection [321 we prove our two main theorems assuming Lemma [3. 31 
We show that a newform for tt attains the L-factor of tt through Gelbart and Piatetski-Shapiro's 
integral (Theorem 13. 4h . As a corollary, we obtain the coincidence of the conductor of tt and the 
exponent of q~ 2s of the e-factor of tt (Theorem 13. 5ft , Lemma 13.31 will be proved in section [6l 
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3.1. Newforms. For a non- negative integer n, we define an open compact subgroup K n of G 
by 

K n = I pi i + pi o B Inc. 



OE 


oe 


PIT 


PE 


l + p% 




Pe 


PE 


oe 



For an irreducible generic representation (tt, V) of G, we set 

V(n) = {v G V | tt(£> = v, k <E K n }, n > 0. 
Then, by [10J Theorem 2.8, there exists a non-negative integer n such that V(n) is not zero. 

Definition 3.1. Let (tt, V) be an irreducible generic representation of G. We call the integer 
N n = min{n > | V(n) ^ {0}} the conductor of tt and elements in V(N 7T ) newforms for tt. 

It follows from [10J Theorem 5.6 that the space V(N n ) is one-dimensional. We shall relate 
newforms with Gelbart and Piatetski-Shapiro's integral. For W S W(7r, iPe), we define the zeta 
integral Z(s, W) of W by 

Z(s,W)= [ W(t(a))\a\ s F T 1 d x a. 



Here we normalize the Haar measure d x a on E x so that the volume of oS is one. By the proof 
of pQ Proposition 3.4, the integral Z(s,W) absolutely converges to a function in C(q~ 2s ) when 
Re(s) is enough large. 

For each integer n, let $ n be the characteristic function of © o^- We denote by Lr(s,x) 
the L-factor of a quasi-character x of E x , that is, 

f 1 itxls ™ ifi ed; 

Le{s,x) = < 1 - xM<7 2s 

I 1, if x is ramified. 

We write 1 for the trivial character of E x . Then the following holds: 

Proposition 3.2 ([9] Proposition 2.4). Suppose that a function W in W(7r, -0^) is fixed by K n . 
Then we have 

Z(s,W,$ n ) = Z(s,W)L E (s,l). 

If the conductor of is Oe, then it follows from [8] Proposition 5.1 that any non-zero element 
v G V^,,-) satisfies W^(e) / 0. Hence there exists a newform t; for n such that Wj,(e) = 1. We 
state the key lemma which will be proved in section [6j 

Lemma 3.3. Suppose that the conductor of ipE is Oe- Let W be the Whittaker function asso- 
ciated to a newform for tt such that W(e) = 1. Then we have 

Z(s,W,$ Nv )=L(s,ir) orL(s,TT)/L E (s,l). 

3.2. Main theorems. We shall prove our main theorems. On L-factors, we obtain the follow- 
ing: 

Theorem 3.4. We fix an additive character ipE of E with conductor Oe- Let tt be an irreducible 
generic representation of G, and v the newform for tt such that W v (e) = 1. Then we have 

Z(s,W v ,$ N J = L(s,n). 

Proof. By Lemma [3.3[ we have Z(s,W v ,$n w ) = L(s,tt) or L(s, tt)/Le(s, 1). Suppose that 
Z(s,W v ,$N n ) = L(s, tt)/Le{s, 1). Take an additive character ipp of F whose conductor is Of- 
Then, by [9j Proposition 2.8, we get 

z(i - s, w v , $jvj = q -^^-m Z {\ - s , w v , $jvj, 
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and hence 

Z(l - s, W v , = q -^(s-i/2) L{1 _ g) k)/L e {1 - s, 1) 

by assumption. Due to (12. 2|) . we obtain 

Z(l-s,W v ,$ N „) ^ Z(s,W v ^ N J 

L(l — S, IT) L{S, 7TJ 

so that 



L E (l-s,l) v ' r "" w L B ( S ,l) 

This implies that e(s,tt,iPfi'4>e) is not a monomial in q~ 2s , which contradicts Proposition 12.31 
Therefore we conclude that Z(s, W v , &N n ) = L(s,n), as required. □ 

We get the following result on e-factors: 

Theorem 3.5. Suppose that tp E an d have conductors Oe and Op respectively. For any 
irreducible generic representation n of G, we have 

e{s^^ F ^ E ) = q-^-^. 

Proof. The theorem follows from Theorem 13.41 and [9] Theorem 3.3. □ 

4. An estimation of L-factors 

The remaining of this paper is devoted to the proof of Lemma [3.31 In this section, we roughly 
estimate the L-factors of generic representations of G. To state our result, we fix the notation 
for parabolically induced representations. For a quasi-character fj,\ of E x and a character fi2 of 
E , we define a quasi-character \i = n\ ® /jq of T by 



a 

b I = ^i(a)yu 2 (&), for a G E x and b G E 1 . 



a- 1 



We regard ji as a quasi-character of -B which is trivial on U . Let Ind^/u) denote the normalized 
parabolic induction. Then the space of Ind^(/i) is that of locally constant functions / : G — > C 
which satisfy 

f(bg) = dB^^fig), for b G B, g G G, 
where <5b is the modulus character of B. Note that 



a" 1 



|o||, for a£ E x and 6 G -E 1 . 



The group G acts on the space of Ind^(/i) by a right translation. 

Let (it, V) be an irreducible generic representation of G. To study the integral Z(s, W) of 
W G W(7r, i^e), we recall from [10] section 4.2 some properties of the restriction of Whittaker 
functions to Tjj. Let W be a function in W(n, i^e)- Under the identification Tjj ~ E x , the 
restriction W\t h of W to X# is a locally constant function onE x , and there exists an integer n 
such that supp W^It^j C p^. We set V(U) = (tt(u)v — v\v £ V, u G U). Then for any element v 
in V(U), the function W V \ T „ lies in C™(E X ). 

The next lemma follows along the lines in the theory of zeta integrals for GL(2). However we 
give a proof for the reader's convenience. In the below, we denote by ~pi the quasi-character of 
E x defined by ~pi(a) = a £ E x . 
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Lemma 4.1. Let tt be an irreducible generic representation ofG and W a function in W(tt, ip E ). 

(i) Suppose that tt is supercuspidal. Then Z(s,W) lies in C[q~ 2s , q 2s ]. 

(ii) Suppose that tt is a proper submodule oflnd B ([ii(3fi2), for some n\ and ^2- Then Z(s, W) 
belongs to Le(s, [i\)C[q~ 2s , q 2s ] . 

(Hi) Suppose that tt = Ind^(/ii (g) H2), f or some Hi and [12. Then the integral Z(s,W) lies in 
L E (s,fi 1 )L E (s,ili 1 )C[q- 2s ,q 2s }. 

Proof. Let Vjj = V/V(U) be the normalized Jacquet module of tt. The group T acts on Vjj by 

c 1/2 

B 7r ' 

(i) If tt is supercuspidal, then we have Vjj = {0}. Since W is associated to an element in 
V = V(U), the function W\ Th lies in C c °°(£ x ), and hence Z(s,W) belongs to C[q~ 2s ,q 2s ]. 

(ii) In this case, Vjj is isomorphic to ^i\®^2 as T-module. Take v G V such that W = W v . If v 
lies in V(U), then by the proof of (i), C[q~ 2s , q 2s ] contains Z(s, W), so does L E (s, ni)C[q~ 2s , q 2s ]. 
Suppose that v does not belong to V(U). Since Vjj is isomorphic to \x\ as T#-module, we have 
5 B 1/2 (t(a))Tr{t{a))v - m{a)v G V(U) for any a e E x . Set v' = 5 B 1/2 {t{a))Tr(t(a))v - [ii{a)v. 
One can observe that Z(s,W v >) = (\a\ E s — ^\{a))Z{s,W v ). So (\a\ E s — fii(a))Z(s,W v ) lies in 
C[q~ 2s ,q 2s } for all a G E x . 

Suppose that n\ is ramified. Then we can find a G o E such that Hi(a) ^ 1. Thus, we see that 
(1 — fii(a))Z(s, W v ) lies in C[q~ 2s , q 2s ]. If [i\ is unramified, then we have (q 2s — n\(m))Z(s, W v ) G 
C[q~ 2s ,q 2s ] by putting a = w. These imply that Z(s,W v ) lies in L E {s, ni)C[q~ 2s , q 2s ], as 
required. 

(iii) In the case when tt = Ind^/ii <g) ^2), there is a T-submodule Vi of Vj/ such that Vjj jV\ ~ 
)Ui 18) and Vi ~ T^r 1 ® ^2- Then we can easily show the assertion by repeating the argument 
in the proof of (ii) twice. □ 

According to the classification of representations of G, we obtain the following estimation of 
L-factors: 

Proposition 4.2. Let tt be an irreducible generic representation of G. 

(i) Suppose that tt is supercuspidal. Then L(s,tt) divides L E (s, 1). 

(ii) Suppose that tt is a proper submodule o/Ind B (//i ®H2)> for some fii and [12- Then L(s, tt) 
divides L E (s, /j,i)L E (s, 1). 

(iii) Suppose that tt = Ind^(^i ® ^2), for some fii and ^2- Then the L-factor L(s,tt) of tt 
divides L E (s, ^i)L E {s,fl'^ 1 )L E {s, 1). 

Proof. Let W and $ be functions in W(7r, ip E ) and C^°(F 2 ) respectively. Note that W(h) and 
f(s, h, $) are right smooth functions on H. So the integral Z(s, W, $) can be written as a linear 
combination of Z(s, W')f(s, e,&), where W G W(it,iPe) and G C^°(F 2 ). By the theory 
of zeta integrals for GL(1), we see that f(s,e, lies in L E (s, l)C[q~ 2s , q 2s ]. So the assertion 
follows from Lemma 14.11 □ 

5. Zeta integrals of newforms 

The proof of Lemma 13.31 will be done by comparing zeta integrals of newforms with Propo- 
sition 14.21 To this end, we give a formula for zeta integrals of newforms. Let (tt, V) be an 
irreducible generic representation of G. If N n is zero, then Gelbart and Piatetski-Shapiro in 
[5] computed zeta integrals of newforms by using Casselman-Shalika's formula for the spherical 
Whittaker functions in [3]. So we treat only representations with N n > in this section. The key 
is to consider the spaces V(N 7T ) and V(N 7T + 1) simultaneously, which are both one-dimensional. 
In subsection 15. 1\ we recall the definition of the level raising operator 9' : V(N 7T ) — > V(N 7T + 1). 
The first eigenvalue v is defined in subsection 15.21 as that of the Hecke operator T on V(N n + 1). 
The second one A is introduced in subsection 15.31 as the eigenvalue of the composite map of 9' 



and the level lowering operator 5 : V(N n + 1) — > V(N n ). In subsection 15.41 we describe zeta 
integrals of newforms explicitly with v and A (Theorem I5.10P . 

5.1. The level raising operator 9'. From now on, we assume that the conductor of tpE is °E- 
Let (it, V) be an irreducible generic representation of G whose conductor N n is positive. We 
abbreviate N = N n . Let 0' denote the level raising operator from V(N) to V(N + 1) defined in 
|10j section 3. By [TO] Proposition 3.3, we have 



(5.1) 6'v = tt{C 1 )v+ tt{u(0,x))v, v eV(N), 

where 



C= I i 



w- 1 



We fix a newform v in V(N), and set 

cj = w v (C), di = w e , v (C), 

for i G Z. 

Lemma 5.2. For i G Z, we have di = Cj_i + qci. 
Proof. By (|5.ip . we obtain 



^WC) = ^(C i_1 ) + 2 ^(CMo,x)), 

xep^-^/P^ 

for i £ Z. Since £ l u(0, x) = u(0, w 2l x)( l and iPe(u(0, -cj 2i x)) = 1, we obtain W„(C l it(0, a;)) = 
Wt,(C l ), and hence 

W e , v {C) = W V {C~ 1 ) + qW v {C). 
This implies the lemma. □ 

5.2. The eigenvalue za Let T denote the Hecke operator on V(N + 1) defined in [9] subsection 
4.1. For w <E V(A7" + 1), we have 

vol(K N ) J Kn(Kn keKN/1 ^ CKNC -i 

It follows from [8] Corollary 5.2 that the space V(N + 1) is one-dimensional. So there exists a 
complex number v, which is called the Hecke eigenvalue of T, such that 

Tw = vw 

for all w G F(JV + 1). For w G V(iV + 1), we set 

(5.3) ui' = ^ ^ vr(u(y,2))w. 

For each i G Z, we put 

d'i = W {e , v y(C). 

Then we have the following 

Lemma 5.4. For i > 0, we /icwe vdi = + q^di+i. 
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Proof. By [9] Lemma 4.4, we obtain 

(5.5) v9'v = T9'v = tt{C 1 )(9'v)' + ^ ir(u(a,b)()9'v. 

aGOE/pE 

be 

Thus, we get 



bePE 1 -" /P F - N 



aeos/pE 
b&P F fP F 

for i > 0. We have Qu{a,b) = u(w % a,w 1% b)Q and ipE(u(vo z a,m 2l b)) = ipE^ 1 ^) = 1 because 
a £ Oe and V'E has conductor Oe- So we get W$i v {Cu{a, b)Q = We> v (C i+ ), and hence 

«/wWC*) = w^HC" 1 ) + ? 4 w^(c i+1 ). 

This completes the proof. □ 

5.3. The eigenvalue A. The central character uj n of ir is trivial on Zjv = Z n if at. Since 
the group ZnKn+i acts on V(iV + 1) trivially, we can define the level lowering operator 5 : 
V(N + 1) -> F(iV) by 

<5w = — 1 / n(k)wdk = V tt(A;)u;, 

vol^ n ^ ^/^z^o 

for it; S V(N + 1). Because V(-/V) is of dimension one, there exists a complex number A such 
that 

Xv = 59' v 

for all v G V(JV). 
Lemma 5.6. We have 

d'i + q 2 d i+ i = Xa, i>0, 
<f_i = 0. 

Proof. Since iV is positive and cj^ is trivial on Zn, we have TV + 1 > 2 and N + 1 > n n . So we 
can apply [9] Lemma 4.9, and get 

(5.7) Xv = 89' v = (9'v)' + ^ Tr((u(y, 0))9'v. 

V&Pe 1 l°E 

Hence we obtain 

xw v {C) = w (e/vy (C) + Yl w e > v (C +1 u(y,o)), 

v&Pe 1 I°e 

for i £ Z. Because £ i+1 w(?/, 0) = u(zu t+1 y, 0)£ l+1 and i\)E{u{w l + x y, 0)) = ifjE(^ l+1 y), we have 
^(C +1 u(y,0)) = <M^ +1 y)WWC i+1 ) • So we get 

xw v (C) = w {e , vY (e)+ Yl M™ i+1 y)We>v(( i+1 ). 

If i > 0, then we have ipE(w l+1 y) = 1 because ro t+1 y G and t/^e has conductor 0£. So we 
have 

XW V (C) = W (e , vy (C) + q 2 W e , v (e +1 ). 
This implies Aq = d\ + q 2 di + i, for i > 0. 
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If i = — 1, then we have Yl ly ^ 1 / 0E i J E{y) = 0, and hence XW V {( r ) = W^ v y{( r ). Due to 
W\ Corollary 4.6, we get W V (C _1 ) = 0. So we obtain W {e , v) ,{C~ l ) = 0. This implies = 0. □ 



5.4. Zeta integrals of newforms in u and A. We get the following recursion formula for 
Ci = W V (C), i > 0. 

Lemma 5.8. We have 

{u + q 2 - A)cj + q{y + q 2 - q 3 )c i+l = q 5 c i+2 , i > 0, 
(y - q 3 )c = q A c\. 

Proof. The assertion follows from Lemmas 15.21 15.41 and 15.61 For the second equation, we note 
that c_i = W v (Q~ l ) is equal to zero because of [10] Corollary 4.6. □ 

By Lemma 15.81 we get the following formula of zeta integrals of newforms. 

Proposition 5.9. Let (tt, V) be an irreducible generic representation of G whose conductor 
is positive. For any v S V(N n ), we have 

7( w , = (l-g- 2s )W v (e) 

{S, v) I -{u + q 2 - q 3 )q- 2 q- 2s -{u + q 2 - \)q- l q-^ ' 

Proof. For v G V(N n ), it follows from [10] Corollary 4.6 that supp W^t^ C Oe- Since W^Its is 
o ^.-invariant, we obtain 



z{ S ,w v ) = j2w v {o\wr E - 1 = X>? 2i(1 ~ 



i=0 i=0 
Put a = {u + q 2 — q 3 )q~ 4 and (3 = {v + q 2 — X)q~ 5 . Then by Lemma 15.81 we have 

c i+ 2 = ac i+ i + /3 Ci, i > 0. 

So we obtain 



Z(s, W v ) = co + c iq 2 ~ 2s + + /3q)g 2(i+2)(1 



i=0 



oo oo 

= co + cig 2 " 2s + /3c? 4 - 4 * jr c^ 1 -) + ag 2 ~ 2s £ q^ 1 -) - «c g 2 - 2s 

i=0 i=0 
= co + c ig 2 - 2s + (3q 4 - 4s Z{s, W v ) + aq 2 - 2s Z{s, W v ) - ac q 2 ~ 2s 

= co + (ci - ac )q 2 - 2s + {aq 2 ~ 2s + /V" 4s )Z( S , W v ). 

Thus we have 

co + (ci - ac )q 2 - 2s 



Z{s,W v ) 



1 - aq 2 - 2s - /V~ 4s 



co(l - q- 2s 



1 — {u + q 2 — q 3 )q 2 q 2s — {u + q 2 — \)q 1 q 4s 

In the last equality, we use the equation c\ — aco = —q~ 2 co from Lemma [5781 Now the proof is 
complete. □ 

Theorem 5.10. We assume that tpE has conductor Oe- Let {iv, V) be an irreducible generic 
representation of G whose conductor N n is positive. For the newform v in V{N 7T ) which satisfies 
W v {e) = 1, we have 

Z{s, W v , <3?jV „) = --. / ; 5 T\ -2 -2s 7 I 2 \\ -1 -4,' 

1 — (u + q z — q A )q z q zs — [u + q z — \)q L q 4S 
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where v is the eigenvalue of the Hecke operator T on V(N n + 1) and A is that of the operator 
56' on V(Nn). 

Proof. The theorem follows from Propositions 13.21 and 15.91 □ 

6. Proof of Lemma [3731 

In this section, we prove Lemma 13.31 An irreducible generic representation tt of G is either 
supercuspidal or a submodule of Ind^(^i ® ^2), for some fii and ^2- We distinguish the cases: 
(I) tt is an unramifled principal series representation, that is, tt = Ind^(/ii (g) ^2)7 where Hi 

is unramifled and fi2 is trivial (subsection 16. 1|) : 
(II) tt is supercuspidal or a submodule of Ind^ (^i®^)-, where fii is ramified (subsection l6.2p ; 
(III) tt is a submodule of Ind^(^i ® ^,2)1 where [i\ is unramifled, but tt is not an unramifled 
principal series representation (subsection 16.4ft . 

Remark 6.1. We remark that representations in cases (II) and (III) have positive conductors. If 
tt is generic and supercuspidal, then by [10] Corollary 5.5, we have N n > 2. Conductors of the 
non-supercuspidal representations are determined in [8J. By the proof of Proposition 5.1 in [8], if 
tt is non-supercuspidal and generic, then N w = implies that tt is an unramifled principal series 
representation. In particular, the representations in case (III) are just the irreducible generic 
subrepresentations of Ind B (//i®^2) with positive conductors, where [i\ runs over the unramifled 
quasi-characters of E x . 

6.1. Proof of Lemma 13. 31 Case (I). Let fi\ be an unramifled quasi-character of E x and 
H2 the trivial character of E 1 . Suppose that tt = Indg(/ii <8> ^2) is irreducible. We show that 
Lemma 13.31 holds for tt. In this case, tt has a non-zero Ko-Rxed vector. This implies N w = 0. 
Let V denote the space of tt and let v be the element in V(0) which satisfies W v (e) = 1. By [5] 
(4.7), we obtain 

Z(s,W v ,$ ) = Le(s, li\)Le{s 1 ~P.i 1 )Le(s, 1). 
because ~p, 1 = Due to Proposition 14.21 (iii). we have 
(6.2) Z(s,W v ,$o) =L(s,tt) = L E (s,ni)L E (s,-[q l )L E (s,l), 

which completes the proof of Lemma 13.31 in this case. 

6.2. Proof of Lemma 13. 3t Case (II). Suppose that an irreducible generic representation 
(tt, V) of G is supercuspidal or a submodule of Ind^^i ® ^2), where [i\ is a ramified quasi- 
character of E x . We show the validity of Lemma 13.31 for tt. In this case, we have L(s, tt) = 1 or 
Le(s, 1) by Proposition 14.21 Let v be the element in V(N n ) which satisfies W v (e) = 1. Then it 
follows from Theorem [5. 101 that Z(s, W v , 3^.) has the form 1/P(q~ 2s ), for some P(X) G C[X]. 
Note that Z(s, W v , $N n )/L(s, tt) lies in C[q~ 2s ,q 2s ] by the definition of L(s,tt). So one may 
observe that Z(s, W v , $>N n ) = L(s,tt) or L(s, tt)Le(s, 1) , as required. 

6.3. Eigenvalues 1/ and A. To prove Lemma 13.31 for representations in case (III), we need 
more information on the eigenvalues v and A defined in section [5j Suppose that an irreducible 
generic representation (tt, V) of G is a submodule of Ind B (/ii ® ^2)1 where /ii is an unramifled 
quasi-character of E x . We assume that N v is positive. 

Remark 6.3. We identify the center Z of G with In the case when ^1 is unramifled, the 
representation Ind^^i g) ^2) admits the central character u n = /X2, so does 7r. Since 7r has a 
non-zero i^Ar^-fixed vector, cj^ = ^2 is trivial on Z^ = E 1 n (1 + Pe) N *- 

We may regard an element in V as a function in Ind^^i®^)- It follows from [8] Corollary 4.3 
that every non-zero element / in V(N n ) satisfies /(e) 7^ 0. By using this property of newforms, 
we show a relation between v and A. We abbreviate N = N n . 
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Lemma 6.4. For f £ V(N), we have 

(6'f)(e) = (q 2 ^)- 1 + q )f(e). 
In particular, (0'f)(e) ^ for all non-zero f £ V(N). 
Proof. By (|5.ip . we have 

{e'f)(e) = f(c l )+ £ /(«(0,x)). 

Since / is a function in Ind^(^i(S'/i2), we obtain = <5]/ 2 (C~ 1 )/Ui(ro~ 1 )/(e) = q 2 /j,i(w)~ 1 f(e) 
and f(u(0,x)) = /(e). So we have 

(07)(e) = gVM _ 7(e) + g/(e) = (^iH" 1 + g)f(e), 
as required. For the second assertion, it suffices to claim that q 2 /j,i(w)~ 1 +<j / 0. Since [i\ is 
unramified, if q 2 jx\{w)~ 1 + q = 0, then we have ^x\px = <^e/f\ ' If > where uje/f is the non-trivial 
character of F x which is trivial on N E / F (E X ). If this is the case, then it follows from [7] that 
Indg(/ii ® ^2) is reducible, and it contains no irreducible generic subrepresentations (see [8] 
Lemma 3.6 for instance). This contradicts the assumption that Ind^(/ii ® H2) contains tt. □ 

We obtain the following relation between v and A: 

Lemma 6.5. We have A = (y + q 2 — q 2 \i\{vj)){\ + g _1 /xi(tu)). 

Proof. For / G F(iV), we put (#'/)' = £ y6p £ /p £+i E zep N /p N + i 7r(u(y, z))9' f as in (Q- Then 
by (|5.5p . we obtain 

i/(*7)(e) = (WCr 1 ) + E (*7)(«(»> 6)C). 

Since we regard 6'f and (#'/)' as functions in Ind B (/ii ® ^2), we have 

(fl'/yCC -1 ) = k^ViC^-^CWCe) = gVC^XWCe) 

and 

(e'/)(«(a,6)C) = |^|mM(^7)(e) = g- 2 MiM(^/)(e). 

So we get 

(6.6) K07)(e) = foifa^Wme) + fmfrW f){e). 
On the other hand, by (|5.7p . we obtain 

A/(e) = (e'f)'(e) + E (*7)(C«M))> 

and get 

(6.7) A/(e) = (W(e) + mM^7)(e) 
in a similar fashion. By (|6.6p and (|6.7p . we have 

v{e'f){e) = q 2 f , 1 (w- 1 )(Xf(e) - Ml ( OT )(0'/)(e)) + q 2 ^(w)(9' f)(e). 
According to Lemma 16.41 we obtain 

(„ + <f _ q 2 fii{w))iq 2 fii{zu) -i + q)f{e) = q 2 fIl{w -i )X f(e). 

If / £ V(N) is not zero, then we get /(e) 7^ 0. So this completes the proof. □ 
By Lemma l6.5( we get a formula for zeta integrals of newforms with only v. 
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Proposition 6.8. We fix a non-trivial additive character tpE of E whose conductor is Oe- Let 
(it, V) be an irreducible generic representation of G whose conductor N n is positive and v the 
newform for ir such that W v (e) = 1. Suppose that ir is a subrepresentation of lnd ( §(yi ® ^2), 
where \i\ is an unramified quasi- character of E x . Then we have 

Z(s,W v ,<$> Nn ) = L E (s,lX 1 )- ■ ^ 3— 9 / ^ - 2 -2s - 

1 — [y + q z — q 6 — q l \i\[w))q z q Zs 

Proof. By Lemma 16,51 we get 

A - v - q 2 = (v + q 2 - q 3 - q 2 ^(w^q' 1 m(w), 

and hence 

1 - (y + q 2 - q 3 )q~ 2 q~ 2s - {v + q 2 - X)q~ 1 q- 4s 
=(1 - (y + q 2 - q 3 - q 2 ^{w))q- 2 q ~ 2s ){l - W^jf 28 ). 
So the assertion follows from Theorem 15, 1UI □ 

We shall describe the Hecke eigenvalue v by values of a function / in V(N n ). Recall that v is 
the eigenvalue of the Hecke operator T on V(N n + 1). For any integer i, we set 

( 1 ^ ( 

7i = u(zu l ,0) = \ zu l 1 and U = 1 

\ -w 2i /2 -w* 1 / V w i 

If n > 0, then t n lies in K n . The following lemma describes v by the values of a function g in 
V{N n + 1) at e and 7^. 

Lemma 6.9. For g G V(N W + 1), we have 

Me) = (<Z 2 (mM + MlH" 1 ) + Q 3 ~ Q 2 )9(e) + <?V - I^iM'Vt), 
where 7 = 7^ . 

Proof. We abbreviate N = N n . By [9] Lemma 4.4, we obtain 

^2 = Tg = iriC 1 ) ^ K(u{y,z))g+ ^ ir(u(a,b)()g. 

v^/pe +1 a£ ° E J pi i N 

*ep£/p£ +1 bep- 1 -"^-" 

So we get 

"0(e) = J] 0(C -1 %,*)) + SMMX)- 

zg P £/p£ +1 bep-^/p^ 
Since we regard g as an element in Ind#(//i (g) /U2), we have 

fl , (C~ 1 «(y> *0) = Mb 1 mi M -1 ^^/, ^)) = ? 2 MiM~ 1 s(' i (y> 2! )) 

and 

g{u(a,b)() = g(C) = \w\ E /j,i(w)g(e) = q~ 2 m(vj)g{e). 

Thus, we get 

(6.10) vg(e) = ^VlM" 1 X] 9{u{y,z)) + q 2 ^ l (w)g{e). 

y^ N E /p N E +1 

ztp N F /p N F +1 

We shall compute g(u(y,z)), for each y G p^/p^ +1 and z G p^/p^ +1 . 

(i) If ?/ G p£ +1 and z G p^ +1 , then u(y,z) lies in ifjv+i- Since 5 is right-invariant under 
K N+ i, we obtain g(u(y,z)) = g(e). 
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(ii) Suppose that y G" p£ +1 and z G p^ +1 - Then we get u(y,z) = u(y,0)u(0,z) = u(y,0) 
(mod Kjv+i). There exists a G o^, such that t(a)u(y, 0)t(a)^ 1 = u(vj n ,0) = 7. Since g is fixed 
by ifjv+i, we have 

g{u(y,z)) = g(u(y,0)) = <?(i(a)- V(«)) = g^a)^). 

Because we assume that fii is unramified, we get g(u(y,z)) = fii(a~ 1 )g('-/) = 5(7). 

(hi) If z G" p^ +1 , then the element x = z^/e — yy/2 lies in p^\p^ +1 . Using the notation in 
subsection 12 .!( we write u(y,z) = u(y,x). Then we have 

u(y,x) = u(—y/x,l/x)diag(m N+1 /x,—x/x,m~ 1 ~ N x)tN + iu(—y/x,l/x). 

One can observe that t7v+iu(— y/x, 1/x) lies in K^+i- Since g is an element in Ind^(/ii ® ^2) 
fixed by -ftjv+i, we have 

ff(«(y, z)) = 5(u(y, x)) = g(di&g(m N+1 /x, -x/x, w~ 1 ' N x)). 

The assumption x G p^\p^ +1 implies tu^ 1 /^ G roo^, so we get g(u(y, z)) = q^ 2 fi\(zu) ^(—x / x)g(e) . 
Note that x + x + = 0, and hence —x/x = 1 + yy/x. Since y G p^ and x G p^\p^ +1 , we 
obtain —x/x G 1 + p^- Thus, by Remark 16.31 we see that ^(—x/x) = 1, so that g(u(y,z)) = 
q- 2 m(w)g(e). 

By (|6.10p and the above consideration, we conclude that 

vg{p) = q 2 LLi(m)~ 1 (g(e) + {q 2 - 1)5(7) + Q~ 2 V-lfaW '(q ~ l)s(e)) + q 2 fii(tu)g(e) 
= {q 2 {m{w) + mim)- 1 ) +q 3 - q 2 )g{e) + q 2 (q 2 - l)^{w)- 1 g^). 

This completes the proof. □ 

Applying Lemma [6791 to g = 0'f, where / G V(N n ), we get the following 
Lemma 6.11. For any non-zero element f in V(N V ), we have 

V = q 2 (^(w) + mKT 1 ) + q 3 - q 2 + q 2 (q 2 - l)^)" VmiM" 1 + ?)~ V/)(7)//(e), 
where 7 = 7at x - 

Proo/. Put g = 9'f G V(iV w + 1). By Lemma[631 we have c/(e) = (g 2 /iiM -1 + ?)/(e) ^ 0. So 
the assertion follows from Lemma 16.91 □ 



We apply Lemma 16.111 to zeta integrals of newforms. 
Proposition 6.12. Under the same assumption of Proposition [6781 we have 

z(s,w v ,® N J = l e (s,hx)-, — l —r s - 

1 — aq zs 

Here a is given by 

a = wH" 1 + Hxiwr\q 2 - l)(q 2 ^{wY l + q)' 1 ^ 7)( 7 jvJ/ 7(e), 
for any non-zero function f in V(N n ). 

Proof. The proposition follows from Proposition 16.81 and Lemma 16.111 □ 
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6.4. Proof of Lemma l3.3t Case (III). We shall finish the proof of Lemma l3.31 The remaining 
representations are those in case (III). Let (n, V) be an irreducible generic representation of G 
whose conductor is positive. We suppose that tt is a subrepresentation of Ind^(/ii ® H2), where 
is unramified. 

Firstly, we assume that tt is a proper submodule of Ind^(//i <S> fi2)- Then Proposition 14.21 
implies that L(s,tt) = Le(s,/ix) or Le(s, /ix)Le(s,1). Let v be the newform in V(N n ) such 
that W v (e) = 1. It follows from Proposition 16.121 that Z{s, W v , $N n ) has the form L(s,ni) ■ 
(l/P(g- 2s )), for some P(X) e C[X]. Because Z(s,W v ,$ N J/L(s,ir) lies in C[q- 2s ,q 2s ], we 
must have Z(s, W v , ^n^) = L(s, tt) or L(s, tt)/Le(s, 1). 

Secondly, we consider the case when tt = Ind#(/ii <X> ^2). The assumption > implies that 
fi2 is not trivial. In this case, we can show Lemma 13.31 by comparing Proposition 14.21 with the 
following one in a similar fashion: 

Proposition 6.13. Let fi\ be an unramified quasi- character of E x and fi2 a non-trivial character 
of E 1 . Suppose that tt = Indg(//i ® ^2) is irreducible. Then we have 

Z(s, W V ,$ N J = L e (s,iix)Le(s,~Px 1 ), 
where v is the newform in V(iV 7r ) such that W v (e) = 1. 

Proof. Set 7 = jNk- Since fix is unramified, we have ~pry = fix- By Proposition 16.121 it enough 
to show that Q'fi^f) = 0, for any functions / in V(N W ). By [8] Theorem 2.4 (ii), the space of 
AOv^+i-fixed vectors in Ind§(/ii ® fi^) is one-dimensional and consists of the functions whose 
supports are contained in BKj\[ n +x since we assume that fix is unramified. Due to [8] Lemma 
2.1, the sets B^K^^+i and BK^^+i = B^n^+iKn^+i are disjoint. So for any / E V(N n ), we 
get (6*'/) (7) = because 0'/ is fixed by ifjv^+i- This completes the proof. □ 

Now the proof of Lemma 13.31 is complete. 

7. An example of a computation of L-factors 

Let (71", V) be an irreducible generic representation of G whose conductor N w is positive. 
Suppose that tt is a subrepresentation of Ind^(//i<8)/X2)) where fix is an unramified quasi-character 
of E x and fi2 is a character of E . In this section, we determine the L-factor of tt by using the 
results in subsection 16.31 

7.1. Irreducible case. Suppose that lndg (fix ®fi2) is irreducible. Then we have tt = Ind^^i <S> 
H2) and fi2 is not trivial because we assume that N n > 0. 

Proposition 7.1. Let fix be an unramified quasi- character of E x and fi2 a non-trivial character 
of E 1 . Suppose that tt = Ind^(^i (g) ^2) is irreducible. Then we have 

L(s,tt) = L E (s,ni)L E (s,JI^ 1 ). 

Proof. Theorem 13.41 and Proposition 16.131 imply the assertion. □ 

7.2. Reducible case. Suppose that Ind#(//i (g) fi2) is reducible. Recall that we assume that 
Ind^(/ii <X> H2) contains an irreducible generic subrepresentation ir. So, by [7J, there are the 
following three cases: 

(RU1) fix = I • \e and fi2 is trivial: Then tt is the Steinberg representation Sto of G and N n = 2 

by [H] Proposition 3.4 (i). (Proposition 17. 6ft 
(RU2) (1x\f x = ^e/fI ' \f, where uje/f denotes the non-trivial character of F x which is trivial 

on N e /f(E x ). By [8] Proposition 3.7, we have N n = c(fi2) + 1- (Propositions 17.51 and 

EHD 

(RU3) fix is trivial and fi2 is not trivial: Then due to [8] Proposition 3.8, we get = c{fi2). 
(Proposition IT.2|) 
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Here c(//2) denotes the conductor of H2, that is, 

c(/U 2 ) = min{n > | fJ.2\ E ^n(i+p E ) n = X i- 

We fix a non-trivial additive character ipg of £7 with conductor o#. Let i> be the newform for 
7r such that W v (e) = 1. Then by Theorem 13.44 we have Z(s,W v ,^n 7T ) = L(s,ir). We regard 
elements in V as functions in Ind^(^i ® /X2). By Proposition \6.12\ to determine L(s,7r) = 
Z(s,W v ,&N n ), it is enough to compute (^'/)(7iv^)//(e), where / is a non-zero function in 
V{N- K ). We shall determine (O' f)(lN n )/ f(e) explicitly, for each case. 

7.3. Case (RU3). We consider the case (RU3). 

Proposition 7.2. Let [12 be a non-trivial character of E 1 and (n, V) the irreducible generic 
subrepresentation o/Ind^(l ® 1^2). Then we have 

L(s,it) = L e (s,1) 2 . 

Proof. It follows from [8J Proposition 3.8 that V{n) coincides with the space of -fC n -fixed vectors 
in Indg(lCS>//2) for all n. So we may apply the argument in the proof of Proposition 16 . 1 3l and get 
(6>7)(7atJ = 0, for any / G V(N n ). By Proposition EM we obtain Z(s,W v ,§n«) = L E (s,l) 2 , 
where v is the newform in V(N 7T ) such that W v (e) = 1. The assertion follows from this and 
Theorem 13.41 □ 

7.4. Case (RU2-I). Let us consider the case (RU2). We further assume that \i2 is trivial. The 
remaining case is treated in the next subsection. Then Ind^(/ii ® [12) has the trivial central 
character, so does it. By [8] Proposition 3.7, we get N n = 1. Since fii\px = oj e i f \ ■ \ E , we have 

Lemma 7.3. For f G V(l), we have 

(e'f){ ll ) = (q+l)f(e). 

Proof. We abbreviate 7 = 71. Set g = 9'f G V{2) and 7' = £27^2 = u{— zu^ 1 , 0). We have 
7 = ^27^2 = C 1 ^i7 / ^2- Since g is a function in Ind^/ii (g) fi2 which is fixed by K2 and t2 G K2, 
we obtain 5(7) = g^^hl'h) = gViO^M^iV)- By ([SII]), we get 

g{tn') = fiWC 1 ) + E f(tWu(o,x)), 

and hence 

(7.4) g{ 1 )=q 2 ^(w- l )f{t l iC 1 ) + q 2 ^{^ 1 ) £ /(tlA(0, x)). 

Firstly, we have tiVC" 1 = *iC~ 1 C7 / C~ 1 - Note that iiC" 1 = C*l and C7'C~ 1 = n(-l,0). We 
get hiC 1 = C*l«(-!,0). Since £i«(-l,0) G #1 and / G V(l), we obtain 

fMC 1 ) = /(Cti«(-1,0)) = /(C) = 

Secondly, we get ti7'u(0, x) = ro _1 ,x) = u(l, w 2 x)t\. Since ti G K% and / G V(l), we 

obtain 

/(ii 7 'u(0,x)) = f(u(l,w 2 x)h) = f{u{l,w 2 x)). 

Set z = m 2 x^fe — 1/2. Then 2; lies in 0^ because w 2 x G p™. With the notation in subsection 12. 11 
we write u(l, vj 2 x) = u(l, z). We use the relation 

u(l, z) = u(— l/~z, l/z)di&g(zn/~z, —~z/z, zn~ z)tiu(—l/z, 1/z). 
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By z G o E , we have iiu(— 1/z, 1/z) 6 K\. Recall that / is a function in (Ind^i ® ^2) which is 
fixed by i^x- So we obtain 

/(t 1 7 / «(0,a?)) = /(diag(ro/z, = q~ 2 m(m) f (e) 

because 2 lies in 0^ and we assume that \X2 is trivial. Finally, by (I7.4|) . we get 5(7) = (q r +l)/(e), 
as required. □ 

Proposition 7.5. Let \i\ be an unramified quasi- character of E x which satisfies fJ>i\ E x = 
oj e/f\ ' \f, and ^2 the trivial character of E 1 . For the irreducible generic subrepresentation 
it o/Ind^(^i (g) ^2), we have 

L(s,ir) = L E (s,m)L E (s, 1). 

Proof. We may apply Proposition 16.121 Due to Lemma 17.31 the number a in Proposition 16.121 
satisfies 

a = miw)' 1 + ^(rorV - l){q 2 ^{w)- 1 + q)-\q + 1) = 1, 
since /Ui(ro) = — q ■ Now the assertion follows from Theorem 13.41 and Proposition 16. 121 □ 

7.5. Cases (RU1) and (RU2-II). Suppose that an irreducible generic representation ir of G 
is a subrepresentation of Indc(^i ® ^2)- We assume that n± and [12 satisfy one of the following 
conditions: 

(1) \i\ = I • \e and H2 is trivial; 

(2) /ii is an unramified quasi-character of E x such that ^i\px = uj e /f\ " l-Fi and [12 is a 
non-trivial character of E 1 . 

In the first case, we have N n = 2 by [8] Proposition 3.4 (i), and ir has the trivial central 
character. In the second case, we get N n = 0(^2) + 1 > 2 by [8] Proposition 3.7, and n n = c{n2) 
by Remark 16.31 

Proposition 7.6. Suppose that an irreducible generic representation ir satisfies one of the as- 
sumptions in this subsection. Then we have 

L(s,ir) = L E (s,m). 

Proof. In both cases, we have N w > 2 and N n > n n . So we may apply the results in [9]. 
Suppose that ip E has conductor o E . Let v be the newform for it such that W v (e) = 1. Then 
by Proposition 13.21 and [9] Proposition 4.12, we see that Z(s,W v ,$N-n) has the form 1/P(q~ 2s ), 
where P{X) is a polynomial in C[X] such that P(0) = 1 and degP(X) < 1. So Proposition 16. 121 
implies that Z(s,W v ,$N n ) = L E (s,fii). Now the assertion follows from Theorem 13.41 □ 

Acknowledgements 
The author would like to thank Takuya Yamauchi for helpful discussions. 

References 

[1] E. M. Baruch, On the gamma factors attached to representations o/U(2, 1) over a p-adic field, Israel J. Math. 

102 (1997), 317-345. MR 1489111 (2000i:22019) 
[2] W. Casselman, On some results of Atkm and Lehner, Math. Ann. 201 (1973), 301-314. MR 0337789 (49 

#2558) 

[3] W. Casselman and J. Shalika, The unramified principal series of p-adtc groups. II. The Whittaker function, 

Compositio Math. 41 (1980), no. 2, 207-231. MR 581582 (83i:22027) 
[4] P. Deligne, Formes modulaires et representations de GL(2), Modular functions of one variable, II (Proc. 

Internat. Summer School, Univ. Antwerp, Antwerp, 1972), Springer, Berlin, 1973, pp. 55-105. Lecture Notes 

in Math., Vol. 349. MR 0347738 (50 #240) 
[5] S. Gelbart and I. Piatetski-Shapiro, Automorphic forms and L-functions for the unitary group, Lie group 

representations, II (College Park, Md., 1982/1983), Lecture Notes in Math., vol. 1041, Springer, Berlin, 

1984, pp. 141-184. MR 748507 (86f:11084) 



19 



[6] H. Jacquet, I. Piatetski-Shapiro, and J. Shalika, Conducteur des representations du groupe lineaire, Math. 

Ann. 256 (1981), no. 2, 199-214. MR 620708 (83c:22025) 
[7] D. Keys, Principal series representations of special unitary groups over local fields, Compositio Math. 51 

(1984), no. 1, 115-130. MR 734788 (85d:22031) 
[8] M. Miyauchi, Conductors and newforms for non-supercuspidal representations of unramified U(2, 1), accepted 
for publication in J. Ramanujan Math. Soc, available as arXiv:1112 . 4899vl, (2011). 

[9] , On epsilon factors of supercuspidal representations of unramified U(2, 1), accepted for publication 

in Trans. Amer. Math. Soc, available as arXiv:llll . 2212vl (2011). 

[10] , On local newforms for unramified U(2, 1), accepted for publication in Manuscripta Math., available 

as arXiv:1105.6004vl, (2011). 
[11] M. Reeder, Old forms on GL n , Amer. J. Math. 113 (1991), no. 5, 911-930. MR 1129297 (92i:22018) 
[12] B. Roberts and R. Schmidt, Local newforms for GSp(4), Lecture Notes in Mathematics, vol. 1918, Springer, 
Berlin, 2007. MR 2344630 (2008g: 11080) 

Faculty of Liberal Arts and Sciences, Osaka Prefecture University, 1-1 Gakuen-cho, Nakaku, 
Sakai, Osaka 599-8531, JAPAN 

E-mail address: michitaka.miyauchi@gmail.com 



